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TISSUE FACTOR PATHWAY INHIBITOR 
ALDEHYDE DEHYDROGENASE 1, SOLUBLE
HOMO SAPIENS MRNA FOR KIAA0758 PROTEIN
VON WILLEBRAND FACTOR
PLATELET/ENDOTHELIAL CELL ADHESION MOLECULE CD31
MANIC FRINGE DROSOPHILA HOMOLOG
INTERCELLULAR ADHESION MOLECULE 2
245147
REGULATOR OF G-PROTEIN SIGNALLING 5
TEK TYROSINE KINASE, VENOUS MALFORMATIONS
LIM BINDING DOMAIN 2
KINASE SCAFFOLD PROTEIN GRAVIN
359722
TYROSINE KINASE WITH IG AND EGF HOMOLOGY DOMAINS
CD34 ANTIGEN
SEQUENCE FROM CLONE 1033B10 ON 6P21.2-21.31.
69672
HOMO SAPIENS KDR/FLK-1 PROTEIN

MUSCULIN ACTIVATED B-CELL FACTOR-1
COLLAGEN, TYPE V, ALPHA 1
471748
SMOOTH MUSCLE ACTIN, ALPHA2
TRANSGELIN/SM22
SMOOTH MUSCLE PROTEIN 22-ALPHA
LUMICAN
FIBULIN 1
COLLAGEN, TYPE VI, ALPHA 3
OSTEOBLAST SPECIFIC FACTOR 2 OSF-2P1
COLLAGEN, TYPE III, ALPHA 1 
COLLAGEN, TYPE I, ALPHA 1
COLLAGEN, TYPE I, ALPHA 2
COLLAGEN, TYPE III, ALPHA 1 
COLLAGEN, TYPE III, ALPHA 1 
COLLAGEN, TYPE I, ALPHA 2
THY-1 CELL SURFACE ANTIGEN
HOMO SAPIENS, ALPHA-1 VI COLLAGEN
COLLAGEN, TYPE VI, ALPHA 1
COLLAGEN, TYPE VI, ALPHA 1
ALPHA-2 COLLAGEN TYPE VI 
HUMAN METHIONINE SYNTHASE 
265694

TROPONIN I, SKELETAL, FAST
MATRIX METALLOPROTEINASE 14
LAMININ, GAMMA 2 
ANNEXIN VIII
EST SIMILAR TO ATAXIA-TELANGIECTASIA D PROTEIN
KERATIN 17
KERATIN 17
ESTS, HIGHLY SIMILAR TO KERATIN K5
KERATIN 5 
ESTS, HIGHLY SIMILAR TO KERATIN K5
BULLOUS PEMPHIGOID ANTIGEN 1
S100 CALCIUM-BINDING PROTEIN A2
INTEGRIN, BETA 4
INTEGRIN, BETA 4
2255577
LAMININ, ALPHA 3 
COLLAGEN, TYPE XVII, ALPHA 1
BASONUCLIN

IMMUNOGLOBULIN GAMMA 3 GM MARKER
COLONY STIMULATING FACTOR 1 MACROPHAGE
NEUTROPHIL CYTOSOLIC FACTOR 1
IMMUNOGLOBULIN LAMBDA-LIKE POLYPEPTIDE 2
IMMUNOGLOBULIN LAMBDA LIGHT CHAIN
IMMUNOGLOBULIN LAMBDA LIGHT CHAIN
IMMUNOGLOBULIN LAMBDA LIGHT CHAIN
HUMAN IG J CHAIN GENE
IMMUNOGLOBULIN J CHAIN
HUMAN IG J CHAIN GENE
MHC CLASS II, DQ BETA 1
IMMUNOGLOBULIN MU
EARLY DEVELOPMENT REGULATOR 2
MAX-INTERACTING PROTEIN 1
MESENCHYME HOMEO BOX 1
INSULIN-LIKE GROWTH FACTOR 1 SOMATOMEDIN C
CYCLIN-DEPENDENT KINASE INHIBITOR 1C P57, KIP2
78946
FATTY ACID BINDING PROTEIN 4, ADIPOCYTE
FATTY ACID BINDING PROTEIN 4, ADIPOCYTE
FATTY ACID BINDING PROTEIN 4, ADIPOCYTE
MDGI/FATTY ACID BINDING PROTEIN 3
CD36 ANTIGEN COLLAGEN TYPE I RECEPTOR
CD36 ANTIGEN COLLAGEN TYPE I RECEPTOR
GLUTATHIONE PEROXIDASE 3 PLASMA
FOUR AND A HALF LIM DOMAINS 1
ALCOHOL DEHYDROGENASE 2 CLASS I, BETA
AQUAPORIN 7
484535
LIPOPROTEIN LIPASE
GLYCEROL-3-PHOSPHATE DEHYDROGENASE 1
RETINOL-BINDING PROTEIN 4, INTERSTITIAL
INTEGRIN, ALPHA 7
85660
PHOSPHOLEMMAN
AQUAPORIN 1 CHANNEL-FORMING INTEGRAL PROTEIN
APOLIPOPROTEIN A-I
SMALL INDUCIBLE CYTOKINE SUBFAMILY A CYS-CYS
PPAR, GAMMA
ENDOTHELIN RECEPTOR TYPE B
ESTS SIMILAR TO !!!! ALU SUBFAMILY SX WARNING
CHITINASE 1
53341
SMALL INDUCIBLE CYTOKINE SUBFAMILY A, MEMBER 18
FOLYLPOLYGLUTAMATE SYNTHASE
LYSOZYME RENAL AMYLOIDOSIS
LYSOZYME RENAL AMYLOIDOSIS
AP-2 ALPHA ACTIVATING ENHANCER-BINDING PROTEIN 2
LIPASE A, LYSOSOMAL ACID
CD68 ANTIGEN
ACID PHOSPHATASE 5, TARTRATE RESISTANT
FC FRAGMENT OF IGE, HIGH AFFINITY I, RECEPTOR FOR
CATHEPSIN Z

INTERLEUKIN 10 RECEPTOR, ALPHA
INTEGRIN, ALPHA L, CD11A
742143
T-CELL RECEPTOR, BETA CLUSTER
80186
T-CELL RECEPTOR, DELTA V,D,J,C
ESTS SIMILAR TO S-ACYL FATTY ACID SUNTHETASE 
LYMPHOCYTE-SPECIFIC PROTEIN TYROSINE KINASE
CD3D ANTIGEN, DELTA
CD3G ANTIGEN, GAMMA
DP-2 E2F DIMERIZATION PARTNER 2

HUMAN ENDOGENOUS RETROVIRUS ENVELOPE PL1
X-BOX BINDING PROTEIN 1
HEPATOCYTE NUCLEAR FACTOR 3, ALPHA
GATA-BINDING PROTEIN 3
GATA-BINDING PROTEIN 3
GATA-BINDING PROTEIN 3
GATA-BINDING PROTEIN 3
ESTROGEN RECEPTOR 1
ESTROGEN RECEPTOR 1
ANNEXIN XXXI
ANNEXIN XXXI

1:1 >2 >4 >6 >8>2>4>6>8 >16>16
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Biological hypotheses

Mechanistic learning
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1. Vectors



Linearity: the simplest mathematical relationship

• Variable y (ex: Cmax) that depends on variable x (ex: dose)

y

x

y = ax

How to extend linearity to several variables (x1,…, xn) ? (ex: dose, weight,…)

y

x

y = k



Multiple variables = vectors

• a single (real) number is called a scalar : 1, -2, 3.5, 5/7, π, etc…

x2

x11 2 3 4 5

1

2

3

4

5

(3, 2)

ℝ2

(2, -1, 5) 
Q

ca
2

≠1
5

R

db

1

• an ordered set of numbers is called a vector: (x1, x2, x3), (2, -1, 5) ≠ (-1, 2, 5)

• mathematically, it’s an element of ℝn , n is called the dimension

• a vector can be written as row or column



Examples

• All covariates of one patient
SEX AGE WEIGHT BSA CREA
1 64 76 2 53

𝑥! 𝑥" 𝑥# 𝑥$ 𝑥%

• Sampling times and observations

t1 t2 t3 t4 t5

(t1, … , tn)

(y1, … , yn)

WEIGHT
76
57
62
77
82
77
81
83
93
61
78
74
74
71
45
79
64
63
67
72
88

• One covariate in all patients

𝑥!

𝑥"

𝑥&

• Individual parameters

𝜃! = (𝐶𝑙! , 𝑉!)



Colinearity

• If two vectors 𝑥 and 𝑦 are such that 𝑦 = 𝜆𝑥 for 𝜆 ∈ ℝ , 𝑦
and 𝑥 are proportional or colinear

1 2 3 4 5

1

2

3

4

5

𝑥 = (1,2)

𝑦 = 2,4 = 2𝑥

D (mg) Cmax (mg/L)
80 21.6
100 27
120 32.4
140 37.8

𝑥 𝑦

1 2 3 4 5

1

2

3

4

5

𝑥 = (1,2)

• Ex: one-compartment model: 𝐶 𝑡 = "
#
𝑒$%& , 𝐶'() = 𝐶 0 = *

#
×𝐷

×
1
𝑉

x1

x2



Linear combination

• Linear combination of two vectors 𝑥 and 𝑦: 𝑧 = 𝜆𝑥 + 𝜇𝑦

• If two vectors 𝑥 and 𝑦 are NOT colinear they are 
independent

1 2 3 4 5

1

2

3

4

5

𝑥 = (1,0)

𝑧 = 3,4 = 3𝑥 + 2𝑦

y = (0,2)

1 2 3 4 5

1

2

3

4

5

𝑥 = (1,0)
y = (0,2)
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2. Matrices



Ö
1
0
2

è

Ç
3 ≠1 5

≠2 12 ≠7

å
=
Ç

1 ◊ 3 + 0 ◊ (≠1) + 2 ◊ 5
· · ·

å
=
Ç

13
· · ·

å

=
Ç

13
≠16

å

Ö
1 ≠1
0 3
2 1

è

Ç
3 ≠1 5

≠2 12 ≠7

å
=
Ç

1 ◊ 3 + 0 ◊ (≠1) + 2 ◊ 5 · · ·
· · · · · ·

å
=
Ç

23 · · ·
· · · · · ·

å

I =

Ö1 · · · 0
... . . . ...
0 · · · 1

è

Ö
a1,1 · · · a1,n

... . . . ...
an,1 · · · an,n

è

Ö
d1 · · · 0
... . . . ...
0 · · · dn

è

Ö
1 5 ≠3
5 2 ≠1

≠3 ≠1 ≠4

è

2

Matrices

• A matrix is a rectangular array of numbers with a given number of rows (m) and columns (n)

Q

ca
2

≠1
5

R

db

f : Rn æ R
x = (x1, · · · , xn) ‘æ f(x) = f (x1, · · · , xn)

f (x1, · · · , xn) =

f(x + y) = f(x) + f(y) f(⁄x) = ⁄f(x)

∆ ÷ a = (a1, · · · , an) , f(x) = a1x1 + · · · + anxn := Èa, xÍ

A
3 ≠1 5

≠2 12 ≠7

B

= (ai,j)

1

Q

ca
2

≠1
5

R

db

f : Rn æ R
x = (x1, · · · , xn) ‘æ f(x) = f (x1, · · · , xn)

f (x1, · · · , xn) =

f(x + y) = f(x) + f(y) f(⁄x) = ⁄f(x)

∆ ÷ a = (a1, · · · , an) , f(x) = a1x1 + · · · + anxn := Èa, xÍ

A
3 ≠1 5

≠2 12 ≠7

B

1

3 columns

2 rows

• A m x n matrix can be applied to a vector in ℝ+ and gives a vector in ℝ'

3 rows

3 columns

2 rows

Ö
2

≠1
5

è

f : Rn æ R
x = (x1, · · · , xn) ‘æ f(x) = f (x1, · · · , xn)

f (x1, · · · , xn) =

f(x + y) = f(x) + f(y) f(⁄x) = ⁄f(x)

∆ ÷ a = (a1, · · · , an) , f(x) = a1x1 + · · · + anxn := Èa, xÍ

Ç
3 ≠1 5

≠2 12 ≠7

å

= (ai,j)

Ç
3 ≠1 5

≠2 12 ≠7

å
+
Ç

0 2 1
3 ≠4 5

å
=
Ç

3 1 6
1 8 ≠2

å

2 ·
Ç

3 ≠1 5
≠2 12 ≠7

å
=
Ç

6 ≠2 10
≠4 24 ≠14

å

Ç
3 ≠1 5

≠2 12 ≠7

åT

=
Ç

3 ≠1 5
≠2 12 ≠7

åÕ

=

Ö
3 2

≠1 12
5 ≠7

è

Ö
1 ≠1
0 3
2 1

è

Ç
3 ≠1 5

≠2 12 ≠7

å
=
Ç

1 ◊ 3 + 0 ◊ (≠1) + 2 ◊ 5 ≠1 ◊ 3 + 3 ◊ (≠1) + 1 ◊ 5
1 ◊ (≠2) + 0 ◊ 12 + 2 ◊ (≠7) ≠1 ◊ (≠2) + 3 ◊ 12 + 1 ◊ (≠7)

å

Ö
1
0
2

è

Ç
3 ≠1 5

≠2 12 ≠7

å
=
Ç

1 ◊ 3 + 0 ◊ (≠1) + 2 ◊ 5
· · ·

å
=
Ç

13
· · ·

å

1

=
Ç

13
≠16

å

Ö
1 ≠1
0 3
2 1

è

Ç
3 ≠1 5

≠2 12 ≠7

å
=
Ç

1 ◊ 3 + 0 ◊ (≠1) + 2 ◊ 5 · · ·
· · · · · ·

å
=
Ç

23 · · ·
· · · · · ·

å

I =

Ö1 · · · 0
... . . . ...
0 · · · 1

è

Ö
a1,1 · · · a1,n

... . . . ...
an,1 · · · an,n

è

Ö
d1 · · · 0
... . . . ...
0 · · · dn

è

Ö
1 5 ≠3
5 2 ≠1

≠3 ≠1 ≠4

è

2

2 rows

Ö
2

≠1
5

è

M : Rn æ Rm

x ‘æ M · x

f : Rn æ R
x = (x1, · · · , xn) ‘æ f(x) = f (x1, · · · , xn)

f (x1, · · · , xn) =

f(x + y) = f(x) + f(y) f(⁄x) = ⁄f(x)

∆ ÷ a = (a1, · · · , an) , f(x) = a1x1 + · · · + anxn := Èa, xÍ

Ç
3 ≠1 5

≠2 12 ≠7

å

= (ai,j)

Ç
3 ≠1 5

≠2 12 ≠7

å
+
Ç

0 2 1
3 ≠4 5

å
=
Ç

3 1 6
1 8 ≠2

å

2 ·
Ç

3 ≠1 5
≠2 12 ≠7

å
=
Ç

6 ≠2 10
≠4 24 ≠14

å

Ç
3 ≠1 5

≠2 12 ≠7

åT

=
Ç

3 ≠1 5
≠2 12 ≠7

åÕ

=

Ö
3 2

≠1 12
5 ≠7

è

Ö
1 ≠1
0 3
2 1

è

Ç
3 ≠1 5

≠2 12 ≠7

å
=
Ç

1 ◊ 3 + 0 ◊ (≠1) + 2 ◊ 5 ≠1 ◊ 3 + 3 ◊ (≠1) + 1 ◊ 5
1 ◊ (≠2) + 0 ◊ 12 + 2 ◊ (≠7) ≠1 ◊ (≠2) + 3 ◊ 12 + 1 ◊ (≠7)

å

1

Ö
1
0
2

è

Ç
3 ≠1 5

≠2 12 ≠7

å
=
Ç

1 ◊ 3 + 0 ◊ (≠1) + 2 ◊ 5
· · ·

å
=
Ç

13
· · ·

å

=
Ç

13
≠16

å

Ö
1 ≠1
0 3
2 1

è

Ç
3 ≠1 5

≠2 12 ≠7

å
=
Ç

1 ◊ 3 + 0 ◊ (≠1) + 2 ◊ 5 · · ·
· · · · · ·

å
=
Ç

23 · · ·
· · · · · ·

å

I =

Ö1 · · · 0
... . . . ...
0 · · · 1

è

Ö
a1,1 · · · a1,n

... . . . ...
an,1 · · · an,n

è

Ö
d1 · · · 0
... . . . ...
0 · · · dn

è

Ö
1 5 ≠3
5 2 ≠1

≠3 ≠1 ≠4

è

2



Elementary operations

• Similarly as vectors, we can define addition and multiplication by a scalar

Q

ca
2

≠1
5

R

db

f : Rn æ R
x = (x1, · · · , xn) ‘æ f(x) = f (x1, · · · , xn)

f (x1, · · · , xn) =

f(x + y) = f(x) + f(y) f(⁄x) = ⁄f(x)

∆ ÷ a = (a1, · · · , an) , f(x) = a1x1 + · · · + anxn := Èa, xÍ

A
3 ≠1 5

≠2 12 ≠7

B

= (ai,j)

A
3 ≠1 5

≠2 12 ≠7

B

+
A

0 2 1
3 ≠4 5

B

=
A

3 1 6
1 8 ≠2

B

1

Q

ca
2

≠1
5

R

db

f : Rn æ R
x = (x1, · · · , xn) ‘æ f(x) = f (x1, · · · , xn)

f (x1, · · · , xn) =

f(x + y) = f(x) + f(y) f(⁄x) = ⁄f(x)

∆ ÷ a = (a1, · · · , an) , f(x) = a1x1 + · · · + anxn := Èa, xÍ

A
3 ≠1 5

≠2 12 ≠7

B

= (ai,j)

A
3 ≠1 5

≠2 12 ≠7

B

+
A

0 2 1
3 ≠4 5

B

=
A

3 1 6
1 8 ≠2

B

2 ·
A

3 ≠1 5
≠2 12 ≠7

B

=
A

6 ≠2 10
≠4 24 ≠14

B

1

⇒ the set of m-by-n matrices is a vector space Mm,n of dimension m.n

• Transposition

Q

ca
2

≠1
5

R

db

f : Rn æ R
x = (x1, · · · , xn) ‘æ f(x) = f (x1, · · · , xn)

f (x1, · · · , xn) =

f(x + y) = f(x) + f(y) f(⁄x) = ⁄f(x)

∆ ÷ a = (a1, · · · , an) , f(x) = a1x1 + · · · + anxn := Èa, xÍ

A
3 ≠1 5

≠2 12 ≠7

B

= (ai,j)

A
3 ≠1 5

≠2 12 ≠7

B

+
A

0 2 1
3 ≠4 5

B

=
A

3 1 6
1 8 ≠2

B

2 ·
A

3 ≠1 5
≠2 12 ≠7

B

=
A

6 ≠2 10
≠4 24 ≠14

B

A
3 ≠1 5

≠2 12 ≠7

BT

=
A

3 ≠1 5
≠2 12 ≠7

BÕ

=

Q

ca
3 2

≠1 12
5 ≠7

R

db

Q

ca
1 ≠1
0 3
2 1

R

db

A
3 ≠1 5

≠2 12 ≠7

B

=
A

1 ◊ 3 + 0 ◊ (≠1) + 2 ◊ 5 ≠1 ◊ 3 + 3 ◊ (≠1) + 1 ◊ 5
1 ◊ (≠2) + 0 ◊ 12 + 2 ◊ (≠7) ≠1 ◊ (≠2) + 3 ◊ 12 + 1 ◊ (≠7)

B

Q

ca
1 ≠1
0 3
2 1

R

db

A
3 ≠1 5

≠2 12 ≠7

B

=
A

1 ◊ 3 + 0 ◊ (≠1) + 2 ◊ 5 · · ·
· · · · · ·

B

=
A

23 · · ·
· · · · · ·

B

1



Q

ca
2

≠1
5

R

db

f : Rn æ R
x = (x1, · · · , xn) ‘æ f(x) = f (x1, · · · , xn)

f (x1, · · · , xn) =

f(x + y) = f(x) + f(y) f(⁄x) = ⁄f(x)

∆ ÷ a = (a1, · · · , an) , f(x) = a1x1 + · · · + anxn := Èa, xÍ

A
3 ≠1 5

≠2 12 ≠7

B

= (ai,j)

A
3 ≠1 5

≠2 12 ≠7

B

+
A

0 2 1
3 ≠4 5

B

=
A

3 1 6
1 8 ≠2

B

2 ·
A

3 ≠1 5
≠2 12 ≠7

B

=
A

6 ≠2 10
≠4 24 ≠14

B

A
3 ≠1 5

≠2 12 ≠7

BT

=

Q

ca
3 2

≠1 12
5 ≠7

R

db

Q

ca
1 ≠1
0 3
2 1

R

db

A
3 ≠1 5

≠2 12 ≠7

B

=
A

1 ◊ 3 + 0 ◊ (≠1) + 2 ◊ 5 ≠1 ◊ 3 + 3 ◊ (≠1) + 1 ◊ 5
1 ◊ (≠2) + 0 ◊ 12 + 2 ◊ (≠7) ≠1 ◊ (≠2) + 3 ◊ 12 + 1 ◊ (≠7)

B

Q

ca
1 ≠1
0 3
2 1

R

db

A
3 ≠1 5

≠2 12 ≠7

B

=
A

1 ◊ 3 + 0 ◊ (≠1) + 2 ◊ 5 · · ·
· · · · · ·

B

=
A

23 · · ·
· · · · · ·

B

1

Q

ca
2

≠1
5

R

db

f : Rn æ R
x = (x1, · · · , xn) ‘æ f(x) = f (x1, · · · , xn)

f (x1, · · · , xn) =

f(x + y) = f(x) + f(y) f(⁄x) = ⁄f(x)

∆ ÷ a = (a1, · · · , an) , f(x) = a1x1 + · · · + anxn := Èa, xÍ

A
3 ≠1 5

≠2 12 ≠7

B

= (ai,j)

A
3 ≠1 5

≠2 12 ≠7

B

+
A

0 2 1
3 ≠4 5

B

=
A

3 1 6
1 8 ≠2

B

2 ·
A

3 ≠1 5
≠2 12 ≠7

B

=
A

6 ≠2 10
≠4 24 ≠14

B

A
3 ≠1 5

≠2 12 ≠7

BT

=

Q

ca
3 2

≠1 12
5 ≠7

R

db

Q

ca
1 ≠1
0 3
2 1

R

db

A
3 ≠1 5

≠2 12 ≠7

B

=
A

1 ◊ 3 + 0 ◊ (≠1) + 2 ◊ 5 ≠1 ◊ 3 + 3 ◊ (≠1) + 1 ◊ 5
1 ◊ (≠2) + 0 ◊ 12 + 2 ◊ (≠7) ≠1 ◊ (≠2) + 3 ◊ 12 + 1 ◊ (≠7)

B

Q

ca
1 ≠1
0 3
2 1

R

db

A
3 ≠1 5

≠2 12 ≠7

B

=
A

1 ◊ 3 + 0 ◊ (≠1) + 2 ◊ 5 · · ·
· · · · · ·

B

=
A

23 · · ·
· · · · · ·

B

1

3 rows

3 columns

2 columns

2 rows

2 columns

2 rows

Matrix multiplication

• The number of rows of the second matrix must be the same as the number of 
columns of the first matrix

• It is only possible to multiply a matrix in Mm,n by a matrix in Mn,p and it gives a Mm,p

matrix

Ö
1
0
2

è

Ç
3 ≠1 5

≠2 12 ≠7

å
=
Ç

1 ◊ 3 + 0 ◊ (≠1) + 2 ◊ 5
· · ·

å
=
Ç

13
· · ·

å

=
Ç

13
≠16

å

Ö
1 ≠1
0 3
2 1

è

Ç
3 ≠1 5

≠2 12 ≠7

å
=
Ç

1 ◊ 3 + 0 ◊ (≠1) + 2 ◊ 5 · · ·
· · · · · ·

å
=
Ç

13 · · ·
· · · · · ·

å

I =

Ö1 · · · 0
... . . . ...
0 · · · 1

è

Ö
a1,1 · · · a1,n

... . . . ...
an,1 · · · an,n

è

Ö
d1 · · · 0
... . . . ...
0 · · · dn

è

Ö
1 5 ≠3
5 2 ≠1

≠3 ≠1 ≠4

è

2



Special matrices

• Identity matrix

• Square matrix

Q

ca
1 · · · 0
... . . . ...
0 · · · 1

R

db

Q

ca
a1,1 · · · a1,n

... . . . ...
an,1 · · · an,n

R

db

2

I =

Q

ca
1 · · · 0
... . . . ...
0 · · · 1

R

db

Q

ca
a1,1 · · · a1,n

... . . . ...
an,1 · · · an,n

R

db

2

∀𝑀 ∈ 𝑀+,+, 𝑀 ⋅ 𝐼 = 𝐼 ⋅ 𝑀 = 𝑀

• Diagonal matrix

I =

Q

ca
1 · · · 0
... . . . ...
0 · · · 1

R

db

Q

ca
a1,1 · · · a1,n

... . . . ...
an,1 · · · an,n

R

db

Q

ca
d1 · · · 0
... . . . ...
0 · · · dn

R

db

2

• Symmetric matrix: 𝑀- = 𝑀

I =

Q

ca
1 · · · 0
... . . . ...
0 · · · 1

R

db

Q

ca
a1,1 · · · a1,n

... . . . ...
an,1 · · · an,n

R

db

Q

ca
d1 · · · 0
... . . . ...
0 · · · dn

R

db

Q

ca
1 5 ≠3
5 2 ≠1

≠3 ≠1 ≠4

R

db

2



Example 1: data array

AGE BSA CREA CREA_CLR_2 HB PQ PNN ASAT ALAT ALB DOSE_LEVO
64 2 53 140 106 225 10.4 93 101 25.6 450
37 1.5 37 195 152 185 5.75 25 70 44 300
61 1.75 30 200 112 428 24.71 34 32 34.8 5600
49 2 71.6 120 86 138 14.06 15 23 38.1 1250
49 2 56 136 78 103 4.03 30 67 36.1 0
33 1.79 54 211 79 441 16.95 22 34 36.6 0
33 1.79 71 152 119 300 5.42 30 54 34.3 0
33 1.79 52 177 105 146 4.86 21 34 34.3 0
36 1.87 67 128 129 279 4.76 45.5 118 39.1 0
47 2 56 149 85 400 8.76 15 15 35.4 3450
47 2 77 130 101 501 8.76 12 19 35.2 0
47 2 73 154 99 202 6.92 82 16 35.4 3140
59 1.83 71 125 86 22 0.2 35 85 37.4 2700

n columns (covariates)
m

 p
at

ie
nt

s



Example 2: correlation matrix
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−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1AG
E

CR
EA

CR
EA
_C
LR
_2

HB PQ PN
N

AS
AT

AL
AT

AL
B

DO
SE
_L
EV
O

AGE

CREA

CREA_CLR_2

HB

PQ

PNN

ASAT

ALAT

ALB

DOSE_LEVO

𝑥*, ⋯ , 𝑥+ 𝑛 vectors, 𝐶!,. = 𝑐𝑜𝑟𝑟(𝑥! , 𝑥.)
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3. Linear systems



●

●

0.0 0.5 1.0 1.5 2.0 2.5 3.0

10
.0

10
.5

11
.0

11
.5

12
.0

12
.5

13
.0

Time (d)

Lo
g(

nu
m

be
r o

f c
el

ls
)

Linear system: Equation of a line

𝑦 = 𝜃/ + 𝜃*𝑡

E𝑦* = 1×𝜃/ + 𝑡*×𝜃*
𝑦0 = 1×𝜃/ + 𝑡0×𝜃*

⇔
𝑦*
𝑦0 = 1 𝑡*

1 𝑡0
⋅ 𝜃/
𝜃*

𝑦 = 𝑀 ⋅ 𝜃 ⇒ 𝜃 = 𝑀$* ⋅ 𝑦

!11.4 = 1×𝜃! + 1×𝜃"
12.5 = 1×𝜃! + 2×𝜃"

⇔ 11.4
12.5 = 1 1

1 2 ⋅ 𝜃!
𝜃"

𝜃/ = 10.3, 𝜃* = 1.1

●

●

0.0 0.5 1.0 1.5 2.0 2.5 3.0

10
.0

10
.5

11
.0

11
.5

12
.0

12
.5

13
.0

Time (d)

Lo
g(

nu
m

be
r o

f c
el

ls
)

𝜃/

𝜃*

Doubling time = 12 0
3#
×24 = 15.1 hours

𝑀$* ??      𝑀$* ≔ “ *
4
”,   𝑀 ⋅ 𝑀$* = “1” = 𝐼

is 𝑀 ≠ 0 0
0 0 sufficient?



Invertible matrix

●

●

1.5 2.0 2.5

10
11

12
13

14

Time (d)

Lo
g(

nu
m

be
r o

f c
el

ls
)

𝑦 =? ?+? ? 𝑡
!11 = 𝜃! + 2×𝜃"
12 = 𝜃! + 2×𝜃"

⇔ 11
12 = 1 2

1 2 ⋅ 𝜃!
𝜃"

𝑀 = 1 2
1 2

is not invertible because its column (and row) vectors
are colinear

1 2 3 4 5

1

2
3

4

5

1

2
3

4

5

1 2 3 4 5

𝑀ℝ0 ℝ0



Determinant

1 2 3 4 5

1

2

3

4

5

1

2

3

4

5

1 2 3 4 5

𝑀
ℝ0 ℝ0

𝑀

• The determinant of 𝑀, denoted 𝑀 , is the area of the parallelogramm spanned by the 
column vectors of 𝑀

• For 𝑀 = 𝑎 𝑏
𝑐 𝑑 it is given by 𝑎𝑑 − 𝑏𝑐.

• It can be generalized in any dimension and is a measure of the colinearity (and correlation) 
of the vectors

• 𝑀 ≠ 0 ⇔ 𝑀 is invertible ⇔ the column (and row) vectors of 𝑀 are independent



Linear system: polynomial interpolation

• What if we have 3 points?

• 3 points ⇔ 3 degrees of freedom ⇔ 3 parameters
●

●

●

1.0 1.5 2.0 2.5 3.0

10
11

12
13

14

Time (d)

Lo
g(

nu
m

be
r o

f c
el

ls
)

𝑦 = 𝜃/ + 𝜃*𝑡 + 𝜃0𝑡0

R
𝑦* = 𝜃/ + 𝜃*𝑡* + 𝜃0𝑡*0

𝑦0 = 𝜃/ + 𝜃*𝑡0 + 𝜃0𝑡00

𝑦5 = 𝜃/ + 𝜃*𝑡5 + 𝜃0𝑡50
⇔

𝑦*
𝑦0
𝑦5

=
1 𝑡* 𝑡*0

1 𝑡0 𝑡00

1 𝑡5 𝑡50
⋅
𝜃/
𝜃*
𝜃0

⇔ 𝑦 = 𝑀 ⋅ 𝜃 ⇔ 𝜃 = 𝑀$* ⋅ 𝑦

●

●

●

1.0 1.5 2.0 2.5 3.0

10
11

12
13

14

Time (d)

Lo
g(

nu
m

be
r o

f c
el

ls
)

𝑦 = 10 + 1.5𝑡 − 0.13𝑡0

3 
eq

ua
tio

ns

3 unknowns



Linear system: polynomial interpolation

• 4 points?

• 4 points ⇔ 4 degrees of freedom ⇔ 4 parameters

●

●

●

●

0 1 2 3 4

10
11

12
13

14

Time (d)

Lo
g(

nu
m

be
r o

f c
el

ls
)

𝑦 = 𝜃/ + 𝜃*𝑡 + 𝜃0𝑡0 + 𝜃5𝑡5

𝑦" = 𝜃! + 𝜃"𝑡" + 𝜃$𝑡"$ + 𝜃%𝑡"$

𝑦$ = 𝜃! + 𝜃"𝑡$ + 𝜃$𝑡$$ + 𝜃%𝑡$$

𝑦% = 𝜃! + 𝜃"𝑡% + 𝜃$𝑡%$ + 𝜃%𝑡%$

𝑦& = 𝜃! + 𝜃"𝑡% + 𝜃$𝑡%$ + 𝜃%𝑡&$

⇔

𝑦"
𝑦$
𝑦%
𝑦&

=

1 1 𝑡" 𝑡"$

1 1 𝑡$ 𝑡$$

1
1

1
1

𝑡%
𝑡&

𝑡%$

𝑡&$

⋅

𝜃!
𝜃"
𝜃$
𝜃%

4 
eq

ua
tio

ns

4 unknowns

⇒ overfit, poor predictive power



Back to simplicity: line

• How to fit 3 points with one line?

●

●

●

1.0 1.5 2.0 2.5 3.0

10
11

12
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14

Time (d)

Lo
g(

nu
m
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r o
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)

S
𝑦* = 𝜃/ + 𝜃*𝑡*
𝑦0 = 𝜃/ + 𝜃*𝑡0
𝑦5 = 𝜃/ + 𝜃*𝑡5

⇔
𝑦*
𝑦0
𝑦5

= 𝜃/ ⋅
1
1
1

+ 𝜃* ⋅
𝑡*
𝑡0
𝑡5

3 
eq

ua
tio

ns

2 unknowns

2 vectors cannot span a space of dimension 3

no solution (in general)



Linear regression

𝑦 = 𝜃/ + 𝜃*𝑡 + 𝜀

Question: what is the « best » linear approximation of 𝑦 ?

⇔ 𝑦 = 𝑀 ⋅ 𝜃

⇒ 𝑀-𝑦 = 𝑀-𝑀 ⋅ 𝜃

𝑦*
⋮
𝑦+

=
1 𝑡*
⋮ ⋮
1 𝑡+

⋅ 𝜃/
𝜃*𝑛

2

×𝑀-(∈ 𝑀0,+)

𝑀0,*

𝑀0,+ ⋅ 𝑀+,0 ⋅ 𝑀0,*𝑀0,+ ⋅ 𝑀+,*

𝑀0,0 ⋅ 𝑀0,*

𝑀 rectangular

no solution

V𝜽 = 𝑴𝑻𝑴
$𝟏
𝑴𝑻𝒚

●

●

●

●

0 1 2 3 4

10
11

12
13

14

Time (d)

Lo
g(

nu
m

be
r o

f c
el

ls
)

one unique solution

(if the square matrix 𝑀-𝑀 is invertible)



Least-squares

• It is called the least-squares estimator of the linear model

• Z𝜃 is the value of the parameter vector 𝜃 that minimizes the sum of squared residuals

• It corresponds to the projection of 𝑦 ∈ ℝ+ on the column space of the matrix 𝑀, i.e the 

space spanned by 𝟏 =
1
⋮
1

and 𝑡 =
𝑡*
⋮
𝑡+

, of dimension 2 (2 linearly independent vectors)

• It regresses the information contained in the dependent variable 𝑦 on the independent
variables 𝟏 (constants) and 𝑡

𝑆𝑆 =]
!8*

+

𝑦! − 𝜃/ + 𝜃*𝑡!
0 𝜃* =

∑ :'$;: &'$&̅
∑ &'$&̅ ( , �̂�/ = _𝑦 − 𝜃* ̅𝑡
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4. Quadratic forms



Quadratic form: 1D. Normal distribution

• One complexity step beyond linearity: 
quadratic relationship

𝑓:ℝ → ℝ
𝑥 ↦ 𝑎𝑥0

0.1

0.2

0.3

0.4

0 1 2 3 4
x

f(x
)

0.0

0.5

1.0

1.5

2.0

0 1 2 3 4
x

f(x
)

• Normal distribution

𝑓 𝑥 =
𝑥 − 𝜇 0

2𝜎0

𝜇

𝜎

𝑓 𝑥 =
1

𝜎 2𝜋
𝑒$

)$= (

0>(

in 2D?? 



Quadratic form 2D: matrix form

• Quadratic form in ℝ0

𝑓: ℝ0 → ℝ
𝑥 = (𝑥*, 𝑥0) ↦ 𝑎𝑥*0 + 2𝑏𝑥*𝑥0 + 𝑐𝑥00

𝑓 𝑥 = 𝑥*, 𝑥0 ⋅ 𝑎 𝑏
𝑏 𝑐 ⋅

𝑥*
𝑥0 = 𝑥- ⋅ 𝑀 ⋅ 𝑥

-2
4

0
2

4

f(
x) 4

y

6

2

x

8

2
0 0

• If 𝑀 is diagonal

𝑥*, 𝑥0 ⋅ 2 0
0 3 ⋅

𝑥*
𝑥0 = 2𝑥*0 + 3𝑥00

• 𝑀 is a symmetric matrix

2𝑥*0 + 3𝑥00 = 𝐶



Covariance/correlation matrix

• Two (or more) variables 𝑥 and 𝑦 (ex: 𝑉 and 𝐶𝐿)

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●
●
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0.0

0.5

−0.5 0.0 0.5
eta_V

et
a_
C
LΣ = 𝑉𝑎𝑟(𝑥) 𝐶𝑜𝑣(𝑥, 𝑦)

𝐶𝑜𝑣(𝑥, 𝑦) 𝑉𝑎𝑟(𝑦)

• Correlation matrix

𝑅 =
1 𝑟(𝑥, 𝑦)

𝑟(𝑥, 𝑦) 1

𝐶𝑜𝑣 𝑥, 𝑦 =
1
𝑛
]
!8*

+

𝑥! − �̅� 𝑦! − _𝑦

𝑟 𝑥, 𝑦 =
𝐶𝑜𝑣 𝑥, 𝑦
𝜎)𝜎:

note:  𝜃* = 𝑟(𝑥, 𝑦) >)
>*



Multivariate normal distribution

• Generalization of the normal distribution in dimension 𝑛

𝑥 → 𝒙 = 𝑥, 𝑦 , 𝜇 → 𝝁 = 𝜇*, 𝜇0

𝜎0 → Σ =
𝑉𝑎𝑟(𝑥) 𝐶𝑜𝑣(𝑥, 𝑦)
𝐶𝑜𝑣(𝑥, 𝑦) 𝑉𝑎𝑟(𝑦)

𝑓 𝑥 =
1

2𝜋 Σ
𝑒$

*
0 𝒙$𝝁 +A,#(𝒙$𝝁)

𝑥 − 𝜇 0

2𝜎0
→
1
2
𝒙 − 𝝁 -Σ$*(𝒙 − 𝝁)



Outline

5. Eigenvalues



Eigenvalues and eigenvectors

• An eigenvector 𝑣 ∈ ℝ+ associated to an eigenvalue
𝜆 ∈ ℝ is defined by

𝑀 ⋅ 𝑣 = 𝜆𝑣

𝑣
𝑀 ⋅ 𝑣 = 𝜆𝑣

• In a basis of eigenvectors, 𝑀 is diagonal

𝑀 ≜ 𝐷 =
𝜆* ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 𝜆+

• Thm: If 𝑀 is a symmetric matrix, it is
diagonalizable (in an orthogonal basis)

𝑀 = 𝑃𝐷𝑃$*, 𝑃-𝑃 = 𝐼, 𝑃 = (𝑣, 𝑤)

𝑣
𝜆*𝑣

𝑤

𝜆0𝑤
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Σ = 2.98 −4.65
−4.65 64.1

Σ = 𝑃 ⋅ 64.4 0
0 2.63 𝑃$*

• first eigenvector = direction of the data of 
maximal variance

• first eigenvalue = variance of the data in 
this direction



Properties of determinants and eigenvalues

• If M =
𝜆* ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 𝜆+

is a diagonal matrix, det 𝑀 = 𝜆*×⋯×𝜆+

• det 𝑀 ⋅ 𝑁 = det 𝑀 det(𝑁)

⇒ det 𝑀$* = det 𝑀 $*

⇒ The determinant is the product of the eigenvalues

• A positive definite matrix is a symmetric matrix such that 𝜆! > 0, ∀𝑖

⇒ det 𝑀 = 0 ⇔ ∃𝜆! eigenvalue with 𝜆! = 0 ⇔ ∃𝑥 𝑠. 𝑡 𝑀 ⋅ 𝑥 = 0

⇔𝑥-𝑀𝑥 > 0, ∀𝑥



Condition number

• The condition number is the ratio of the maximal to minimal eigenvalues

𝑐𝑜𝑛𝑑 𝐴 =
𝜆'()
𝜆'!+

• A large condition number of the variance-covariance matrix of the estimates indicates a 
strong correlation structure indicative of identifiability issues

𝜃*

𝜃0
𝑐𝑜𝑛𝑑 𝐴 ≃ 1

𝜃*

𝜃0

𝜆'()𝜆'!+
𝜆'()

𝜆'!+

𝑐𝑜𝑛𝑑 𝐴 >> 1


