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Linearity: the simplest mathematical relationship

« Variable y (ex: Cmax) that depends on variable x (ex: dose)

v

v

How to extend linearity to several variables (x4,..., X,;) 7 (ex: dose, weight,...)



Multiple variables = vectors

a single (real) number is called a scalar : 1, -2, 3.5, 5/7, m, etc...
an ordered set of numbers is called a vector: (x4, Xo, X3), (2, -1, 5) # (-1, 2, 5)
mathematically, it's an element of R" , n is called the dimension

a vector can be written as row or column A
X2 R2

(2’ '1’ 5) —1 (3, 2)
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Examples

 All covariates of one patient * Individual parameters
| SEX | AGE [ weGHT | BSA T CREA ]
| 1 ] 64 | 76 | 2 | 53 |

6t = (CIL, VY

I X I X2 I X3 I Xg I X5 I

* One covariate in all patients « Sampling times and observations
WE7I(;HT —

57 2
62 100 +
77
82
- (t, ..., t,) _ L
83 = ! ®
93 = ! i ]
61 =4 ! ! i ?
8 (y1=---1yn) - i : ! !
74 i i 1 I
74 ! i i i
71 i i : i
= 10 | 4 | |
64 0 2 4 6 8
63
57 t (h)
72
88 X t1 tz t3 t4
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Colinearity

» Iftwo vectors x and y are suchthaty =AxforAe R, y y=(24) = 2x

and x are proportional or

N W Mo
]
|

« Ex: one-compartment model: C(t) = %e"‘t, Cax = C(0) = LxD

1\ }

|4
X y
D (mg) Cimax (mg/L) 40 I

80 21.6 -
100 27 5 |
120 32.4 £ 7
140 37.8 ‘; 30

©
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N
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X — 80 100 120 140
4 Dose (mg)
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Linear combination

If two vectors x and y are NOT colinear they are
independent

Linear combination of two vectors x and y: z = Ax + uy

5
4
3
2

y=1(02)

N W b~ O,

y=1(02)

v

v



Vectors

Matrices

Linear systems

Quadratic forms

Eigenvalues

Outline



Matrices

« A matrix is a rectangular array of numbers with a given number of rows (m) and columns (n)

3 columns 1-1 2 ...oon
ai; a2 ... Qin
¢ * * 2 asy ao2 . QAon ( )
3| a: a: ce.a = Q4,5
o < 31 32 3n
3 L5 2 rows o : : :
m _aml Am2 ... amn_

A m x n matrix can be applied to a vector in R" and gives a vector in R™

/\@ 3 rows T
—
2rows( ) _(133))«0>< —1)+2><5)

=\ 16 2 rows

3 columns




Elementary operations

« Similarly as vectors, we can define addition and multiplication by a scalar
3 -1 5 0 2 1) (31 6 o ( 3 "L 5 )y_( 6 -2 10
2012 7 ) 3 a5 )71 8 2 —2 12 -7 4 24 —14

= the set of m-by-n matrices is a vector space M,, , of dimension m.n

* Transposition

3 -1 5\ (3 -1 5 __31122
2012 —7) “\ 2 12 7))~



Matrix multiplication

2 columns

D -1

@ 3 3 rows

@ 1 2 columns

2 rows @ @@ _ M1x34+0x(=1)+2x5] - _ 13 .- 2 rOWS
-2 12 =7
3 columns

* The number of rows of the second maftrix must be the same as the number of
columns of the first matrix

 ltis only possible to multiply a matrix in M, , by a matrix in M, , and it gives a M, ,
matrix



Special matrices

a1l - Q1n . - T ;:) g _?
. Square matrix A : ¢ Symmetric matrix: M* =M Cy :4
Qn,1 Qn,n
1 0
d1 0 . . I = : .
+ Diagonal matrix : : " Identity matrix B 0 1
0 dn

VMEMn’n; M- I=]-M=M



m patients

Example 1: data array

n columns (covariates)

A

v

AGE _ |IBSA |CREA [CREA CLR 2 |HB PQ |PNN ASAT |ALAT |ALB |IDOSE LEVO
64 2 53 140 106] 225 10.4 93] 101] 25.6 450
371 1.5 37 195 152 185 5.75 25 70 44 300
61 1.75 30 2001 112] 428 24.71 34 32| 34.8 5600
49 2] 716 120 86| 138 14.06 15 23| 38.1 1250
49 2 56 136 78] 103 4.03 30 67| 36.1 0
33 1.79 54 211 79| 441 16.95) 22 34 36.6 0
33 1.79 71 152 119 300 5.42 30 54 34.3 0
33 1.79 52 177] 105 146 4.86 21 34 34.3 0
36| 1.87 67 128 129 279 4.76] 45.5( 118] 39.1 0
47 2 56 149 85| 400 8.76 15 15| 354 3450
47 2 77 130 101] 501 8.76 12 19| 35.2 0
47 2 73 154 99| 202 6.92 82 16] 35.4 3140
59 1.83 71 125 86 22 0.2 35 85| 37.4 2700




Example 2: correlation matrix

(xlr Ty xn) n VeCtOI’S, Cl,] = COT‘T‘(xl-’ x])

AGE

CREA
CREA_CLR_Z
HB

PQ

PNN

ASAT

ALAT

ALB
DOSE_LEVO

AGE

1
0.
-0.
-0.
-0.
Q.
-0.
-0.
-0.
Q.

00
18
54
15
25
14
o7
35
11
16

CREA CREA_CLR_2Z

Q.
.00
.63
.13
.34
.03
.06
.02
.14
.07

138

-0.54
-0.63
1.00
0.12
0.38
-0.03
0.17
0.22
-0.02
0.04

PQ

.25
.34
.38
.01
.00
.38
.13
.07
.05
.02

-0.
-0.
-0.

-0.
-0.

PNN
.14
23
23

H88¥e

14
.23

ASAT

NS

.07
.17

.17
.13

.39

ALAT

.35
.02
.22
.34
.07
.15
ST
.00
.18
.14

ALB DOSE_LEVO

-0.
Q.
-0.
Q.
Q.
-0.
-0.
-0.
1.
-0.

11
14
02
21
05
14
39
18
00
16

Q.
-0.
.04
11
.02
.23
.04
.14
.16
.00

16
o7

AGE

CREA

CREA_CLR_2

HB

PQ

PNN

ASAT

ALAT

ALB

DOSE_LEVO

0.8

0.6

0.4

0.2
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Linear system: Equation of a line

y=00+91t »a;._!—
yl = 1)(00 + tlxel o ()’1) _ <1 t1> ) (60) g;, 01
V2 = 1X0y + t, %6, Y2 1 t 01 '§F
e
Sea.
y=M-0=>60=M"1.y 2|~ o

T T T T T T T
0.0 0.5 1.0 1.5 2.0 25 3.0
Time (d)

11.4 = 1x6y + 1X64 114\ (1 1 0o
{12.5 = 1x0, + 2%6, = (12_5) - (1 z) ' (91)

MT12?  MTl=r—r M-MTl=r1"=1

is M # (8 8) sufficient? 6o = 10.3,6; = 1.1

Doubling time = lg—2><24 = 15.1 hours
1



14
‘

13

1

Log(number of cells)

10
|

12
|

?4+?77¢t

15 20 25
Time (d)

N W A~ O

—_

Invertible matrix
2ol (=G ()

M = (1 ;) is not invertible because its column (and row) vectors

are colinear

]RZ

i

N oW Ao
|
|

v
v



N W B~ O

Determinant

A
\ 4

v

The determinant of M, denoted |M|, is the area of the parallelogramm spanned by the
column vectors of M

a b

ForM=(C d

) it is given by ad — bc.

It can be generalized in any dimension and is a measure of the colinearity (and correlation)
of the vectors

IM| # 0 & M is invertible & the column (and row) vectors of M are independent



Linear system: polynomial interpolation

« What if we have 3 points?

« 3 points & 3 degrees of freedom & 3 parameters

y = 00 +61t+92t2

3 unknowns
72}
5 Vi = 60 + Qltl + 92t12 V1 1
-§ Va2 =90+91t2+62t22 S <y2> =(1
8 V3 = 90 + 91t3 + tag Y3 1
o™

12 13 14

1

Log(number of cells)

10

T T T T T
1.0 1.5 2.0 25 3.0
Time (d)

y =10 + 1.5t — 0.13t2

cy=M-00=M1y



Linear system: polynomial interpolation

* 4 points? .

0

. ©

* 4 points & 4 degrees of freedom < 4 parameters ..‘g

@

g

y=90+01t+92t2+03t3 2

>

(]

-l

4 unknowns
g yl = 00 + Bltl + 92t]2_ + 93t12 yl 1 1 tl t% 00
'_,C:> Vo = 00 + 91t2 + 92t22 + 931—% PN Y2 _ 1 1 tz t22 61
g y3 = 00 + 91t3 + gzt?% + 93t§ y3 1 1 t3 t% 92
8 V4 = 90 + 91t3 + Hzt:)% + Bgtg Ya 1 1 t4 tz 03
q—

= overfit, poor predictive power

13
|

12

11
|

10
|




Back to simplicity: line

14

« How to fit 3 points with one line? E -
: o
2 unknowns _;-::
(7)) o | | | |
CC) Y1 = 90 + 91 tl Y1 1 t1 10 15 20 25 3.0
© Vo =00+0:t, & (V2 ]=6p-(1]+6;-|L2 Time (d)
?-)' y3 = 6y + 01t3 Y3 1 t3
™

\ / no solution (in general)

2 vectors cannot span a space of dimension 3



Linear regression

14

y=90+91t+€

Question: what is the « best » linear approximation of y ? ? "
o

2 8o
£

<y1> <1 t}) (90) M rectangular E_ *
< : =1: : . 9 — Q- 7
Yn 1 t, 1 no solution
0 1‘ 2
=>y=M-l9 Time (d)
x MT(e M, ) < , one unique solution
' >MTy=M"M-0

(if the square matrix MT M is invertible)
e

My, - My, 4 My - My - M4 R 1
6=(M"M) My
M3 M3 - Maq



Least-squares

6 is the value of the parameter vector 8 that minimizes the

n
2 ~ _ 29—t 5 _ - r
5= (i = (60 + 0:2)) g, =200 g g
i=1
It is called the of the linear model
It corresponds to the € R™ on the column space of the matrix M, i.e the

1 tq
space spanned by 1 = () andt = ( : ) of dimension 2 (2 linearly independent vectors)
1 ty

It the information contained in the dependent variable y on the independent
variables 1 (constants) and t
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Quadratic form: 1D. Normal distribution

. . : K
» One complexity step beyond linearity: onl
quadratic relationship |
R — R (x B )2 Z10 .
f: 2 = H
X = Clx f(x) 20_2 0.5 <“—>
* Normal distribution
F) = e
X) = e 20 0.3
oV2m _

in 2D?7? 01




Quadratic form 2D: matrix form

« Quadratic form in R?

_ R? - R
"x = (x1,%,) »  ax?+2bxyx, +cx3

f

Fo) =G (§ 0)- () =27 M-

* M is a symmetric matrix

« If M is diagonal 2x% 4+ 3x2=C

, i} Vil B N
(x1,%,) - (0 (3)) . (x;) = 2x? + 3x3 \_/




Covariance/correlation matrix

« Two (or more) variables x and y (ex: V and CL)

s _ Var(x) Cov(x,y)
_<Cov(x,y) Var(y))

Cov(x,y) = %Z(xi -0 —y)
i=1

e Correlation matrix

R=< 1 7"(x,y)) . 05

r(x,y) 1 .
e

Cov(x,y) __ o
, = ———- t B 8 = , X
r(x,y) ova, note: 6, =7(x,y)




Multivariate normal distribution

* Generalization of the normal distribution in dimension n

x->x=(xy),pu—>p=(U,HU)

_( Var(x) Cov(x,y)
0> I= (Cov(x, y)  Var(y) )
— )2 1
% G DIy )

1

Zﬂ\/m

3 ITE T e-p)

f&x) =
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Eigenvalues and eigenvectors

* An eigenvector v € R™ associated to an eigenvalue .
1 € Ris defined by ) M-v=dv
M-v=M >

 In a basis of eigenvectors, M is diagonal

A 0

M2D = ( ) A
0 - 2
n /12W /11v

 Thm: If M is a symmetric matrix, it is v
diagonalizable (in an orthogonal basis)

v

M=PDPl, PTP=], P=(vw)




Example

z= (298 —4.65)

—4.65 64.1
_p (644 O 1
=P ( 0 2.63)P

first eigenvector = direction of the data of
maximal variance

first eigenvalue = variance of the data in
this direction

0.5

0.0
eta V

0.5

AV



Properties of determinants and eigenvalues

A 0
e IfM = ( oo ) is a diagonal matrix, det(M) = 1, X -+ X4,
0o - A,

« det(M - N) = det(M) det(N)
= det(M™1) = det(M)~?

= The determinant is the product of the eigenvalues
= det(M) = 0 & 34; eigenvalue with 4; =0 < Jxs.t M -x =0

« Apositive definite matrix is a symmetric matrix such that 4; > 0, Vi

e xTMx > 0,Vx



Condition number

« The condition number is the ratio of the maximal to minimal eigenvalues

max

cond(4) =

min

» Alarge condition number of the variance-covariance matrix of the estimates indicates a
strong correlation structure indicative of

A cond(4) >> 1
cond(4) =1

Amax




