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1. Fitting a model
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Mathematical model
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Linear regression

14

y — 80 + Hlt + 8 %g
S
Question: what is the « best » linear approximation of y ? é’ =
2 :2’:
)’1 1 tl 9
: _ : : . 0 o |
s (y ) - <1 t'> (e1> M rectangular 'S R
n n Time (d)
no solution
Sy=M-0

one unique solution

x MT(e M)
>My=M"M-0
T S (if the square matrix MT M is invertible)
MZ,n . Mn,l Mz,n ’ Mn,Z ’ M2,1

M2,1 MZ,Z ) M2,1

0 =(M™M) My



Formalism

- Observations: n couples of points (t;,y;), with y; € R (or R™).

We will denote y = (y4,**, V) € R"and t = (tq, -, t,).

- Structural model: a function

RxRP — R

M:"wo » Mo

. The (unknown) vector of parameters 8* € RP

Goal=find @



Statistical model

y] = M(t'; 9*) ~+ ej
.« True » parameter 0

. ej = error = measurement error + structural error

. (yl, oo yn) are realizations of random variables

Yj, Ej =Tr.V.
Yj = M(tj; 9*) + Sj
Yj,€; = realizations

e (y1,°**,¥Yn) = sample with probability density function p(y|0*)

. An estimator of 8™ is a random variable function of Y, denoted 6:

0 = h(Yli '"»Yn)



Linear least-squares: statistical properties

Y =MO* + ¢

0,6 = (MTM)IMTY © 05 = aggngn Iy — M6 ||?
eR

Proposition:
Assume that € ~ N (0, a%1), then

0.5 ~ N(0*,02(MTM)™1)

From this, can be computed on

the parameter estimates

1 ’ " *\ A a/2 T -1
2 _ _ 2 _ [C,(07) = O15p T ty15s [(MTM
§° = p Iy —M6;s | se (gLS’p) =5 /(MTM)p}, «(07) = Oisp £ tnly ./( )pp



Example: tumor growth

AL log(z)t_
nb; = Nye Yj = Nge DT J

y:01+92t+€

12 13 14

11

Log(number of cells)

10

Time (d)
T _ A =5 _ log(2)
A=0,=0.865 = DT = > 19.2 hours

se(8,) = 0.004,rse(d,) = 0.005

IC(DT) = (18.8,19.7) hours




Statistical test for the model parameters

0 ~N(O*c*(MT"M)™1)

0, — 0y, t-distribution with n — p degrees of
Séy

Fork=1,2..,p te = odom

= t-test ( )
Ho:« 0, =0»versus Hi: « 0, # 0 »

Under the null hypothesis, tstqr = Sﬁ?';follows a t-distribution with n — d degrees of freedom

p-value:
]P(ltn—pl = tstat) =2 (1 - IP)(tn—p < tstat))



Nonlinear regression: least-squares
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Linearization: M(t,0) = M(t,0")+] - (0@ —0%) +0(0 —60%), ] =DgM(t,0%)

Proposition:
Assume € ~ N (0,02I). Then, for large N, approximately

OLs ~ N (6% 02N

— standard errors, confidence intervals



Confidence interval and prediction interval

Y=M(;0)+¢
- Prediction at new time t;,,,, My, =M (tnew» 9)
- Uncertainty on parameter estimate = interval on M.,

MTAlew ~N (Mnew: Var (M;zew))

- Uncertainty on parameter estimate 6

A

+ uncertainty on observation &€ (e.g. measurement error) = interval on M,,,.,,,
Ynew = Mpew + €

Ynew ~ N (MTAIGW' Var (M;Lew) + 021)



Confidence interval vs prediction interval

Prediction interval for individual y, gven X,
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Constant error

~1)2i|n

| g Lid NV(0,0;)

Constant Proportional
0} =0,9] o = oM (1,0)
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Note: combined error model = g; = a + bM (tj, 9)

Error models for tumor volume
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Nonlinear regression: Likelihood maximization

Y=M(;0") + ¢

The likelihood is defined by

L(®) = PO, a16) = T1P016)

It is the probability to observe Yy if the parameter is 6.
The maximum likelihood estimator (MLE) is the value of 8 that maximizes the likelihood

Opy = argmaxL(0)
6



Asymptotic properties of the MLE

Proposition:
Under regularity assumptions on L, whenn — 00

1. By — 07 (consistency)

2. Oy is asymptotically of minimal variance (it reaches the Cramér-
Rao bound):

V(6 —07) = W (0,15)

where l g+ is the Fisher information matrix

_ [ [{9log(p(¥Y16"))) (9log(p(Y |6 _ 9log(p(¥16))
(19*)13"‘El{ 06 }{ 00y }]_E[_< 36,06, )]




Precision of the estimates
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Correlation between estimates

0.20 — 3.60
0.18 — 3.44
_- 3.28
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: 2012 1580
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ela ||
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12,32
0.06F u
- A : - - L1216
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Correlation matrix of the estimates alpha
R.S.E.(%)
alpha_pop 3.09 1
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MLE: normal errors

Yj — M(t],H*) + Sj,Sj ~ N(0,0')

1 _(y,-—M(tj,é’))2 1 ly—M(t,0)I1
p(y;l6,0) = e 262 [(0,0) = ———¢e 202
g oV 2T (0« on')n

Maximize L(0, 0) ©minimize F(0,0) = —log(L(60, 0))

Iy —M(t,0) |I?
202

F(6,0) = nlog(cf\/ﬁ) +

oF

—(9 ;f)=0=>c}=1||y—M(t :9) 12
do =’ n ’

=0 = argmin|ly — M(t,0) |I?
o

Maximum likelihood &< Least-squares
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Application: tumor growth

What are minimal biological processes able to recover the kinetics of
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Goodness of fit metrics

Sum of Squared Errors Akaike Information Criterion
, ) V) 7 Nt
R (VP V(G AIC* = =2I(0") + 2p
SSE" = Z (JA—Z(J)> ( )
i=1 % t

number of parameters

Model SSE AIC RMSE R2 p>005 #
Power law  0.164(0.0158 - 0.646)[1] -18.4(-43.2 - 1.63)[1] 0.415(0.145 - 0.899)[1] 0.97(0.801 - 0.998)[1] 100 2
Gompertz 0.176(0.019 - 0.613)[2] -16.9(-48.2 - 1.1)[2] 0.433(0.156 - 0.875)[2]  0.971(0.828 - 0.997)[2] 100 2
Logistic 0.404(0.0869 - 0.85)[3] -5.41(-18.4 - 3.88)[3] 0.665(0.331 - 1)[3] 0.908(0.712 - 0.989)[3] 100 2
Exponential 1.9(0.31 - 3.56)[4] 10.7(-5.38 - 23.1)[4] 1.4(0.595 - 1.95)[4] 0.69(0.454 - 0.944)[4] 15 1

Root Mean Squared Errors R2

i i. iv)?
RMSE' = ,/%_I)SSEZ' rei —q - 2 (Vi = V(E5:69)

= (v - Vi)°




Parameter values and identifiability

Model Par. Unit Median value (CV) | NSE (%) (CV)
P ) a  mm301-7. day~! 0.886 (30.8) 8.17 (52.5)
ower faw 5 - 0.788 (7.56) 2.28 (58.6)
ag day~! 1.68 (23.5) 6.11 (82.9)
Gompertz B day~? 0.0703 (28) 8.35 (92.9)
. a day ! 0.474 (13.3) 2.93 (23.3)
Logistic K mm? 1.92¢+03 (36.7) 15.8 (28.7)
Exponential  a day~! 0.356 (12.9) 2.53 (19.4)
a [day—1] 2555 (148) 2.36e+05 (137)

Generalized logistic =~ K [mm3] 4378 (307) 165 (220)
a i 0.0001413 (199) 2.36e+05 (137)
NSE = Normalized Standard Erfor~  practical identifiability

o~ N (9*,02 (I-]T)_l) se (%) = \/52 (- Ik



AIC(p)

Information criteria

AIC = —=2LL(O) + 2p BIC = —2LL(0) + log(n)p

Best model = smallest AIC or BIC
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Population modeling: the two-steps approach

Population data
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Individual fits

Yl=M@E0)+e 61,..,0%
Y2 =M(t;0%) + ¢

1 N7
YN = M(t; 6N) + ¢ fpop =y 2,

SAI = VCov (01)
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Concentration (mg/l)

Population modeling: mixed-effects approach

Population data
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Individual structural model
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Population model

o = Hpop + 77i;77i ~ N(0,Q)
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